Abstract. This is a survey on the project 'Decorated Marked Surfaces' ([Q1, Q2, QZ2, BQZ, QZ3, Q3, KQ]), where we introduce the decoration ∆ on a marked surfaces S, to study Calabi-Yau-2 (cluster) categories, Calabi-Yau-3 (Fukaya) categories, braid groups for quivers with potential, quadratic differentials and stability conditions.
Introduction
We introduce the decorated marked surface from Fomin-Shapiro-Thurston's marked surface, which was originally studied in the cluster theory. The motivation comes from studying Calabi-Yau categories associated to quivers with potential and the corresponding spaces of Bridgeland stability conditions. This project is trying to understand categories via (surface) topology, which also fits into the framework [DHKK] that relates dynamical systems (i.e. quadratic differentials) and categories.
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Categories and topology
2.1. Cluster categories and marked surfaces. Following [FST] , a marked surface S is a connected oriented smooth surface with a finite set M of marked points on its (non-empty) boundary • an open arc is (the isotopy class of) a curve on S with endpoints in M but otherwise in S • = S \ ∂S. Note that all curves are required to be simple and essential.
• two arcs are compatible if they do not intersect (except maybe at their endpoints),
• an ideal triangulation T of S is a maximal collection of compatible open arcs. An elementary result (cf. [FST, Prop. 2.10] ) is that any ideal triangulation T of S, consists of n = 6g − 6 + 3b + m open arcs and divides S into ℵ = (2n + m)/3 triangles. The unoriented exchange graph EG(S) has vertices corresponding to ideal triangulations of S and edges corresponding to flips, as illustrated in the lower row of Figure 1 .
Let S be a marked surface and T a triangulation of S. Then there is an associated quiver Q T with a potential W T , constructed as follows (See, e.g. [QZ1] for the precise definition):
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• Figure 1 . The decorated/ordinary forward flips
• the vertices of Q T are (indexed by) the arcs in T ;
• the arrows of Q T are (anti-clockwise) angles of triangles in T ;
• these three arrows form a 3-cycle in Q T and W T is the sum of all such 3-cycles. The Ginzburg dg algebra Γ T = Γ(Q T , W T ) is the Calabi-Yau-3 algebra constructed from the combinatorial data. There are three categories associated to Γ T
• the finite dimensional derived category
, which is Calabi-Yau-2. The marked surface S provides a good topological model for C(Γ T ). In fact, such a category is independent of the choice of T in the proper sense and thus will be denoted by C(S). 2.2. Calabi-Yau-3 categories and decorated marked surfaces. The first aim of this project is to construct the good topological model for D f d (Γ T ) and prove the analogue result as Theorem 1. Note that in [BQZ] , we show that
Definition 2. The decorated marked surface S △ is a marked surface S together with a fixed set △ of ℵ 'decorating' points in S • .
We also have open arcs in S △ and a (decorated) triangulation T of S △ is a collection of compatible open arcs that divides S △ into ℵ many once-decorated triangles. The corresponding (oriented) forward flip is shown in the upper row of Moreover, we have a new type of arcs:
• a closed arc is (the isotopy class of) a curve on S △ with different endpoints in △. See red arcs in the left picture of Figure 3 . This type of arcs plays a key role in braid groups and mapping class groups of surfaces. Namely, we have the following notions. The mapping class group MCG(S △ ) is the group of isotopy classes of diffeomorphisms of S △ , where all diffeomorphisms and isotopies fix M and △ setwise. On the other hand, the mapping class group MCG(S) fixes just M setwise. Thus there is a forgetful group homomorphism (2.1)
whose kernel is the so-called surface braid group SBr(S △ ). We are particularly interested in the braid twist group BT(S △ ), which is subgroup of SBr(S △ ), generated by braid twist along closed arcs, cf. Remark 5. The isomorphism BT(S △ ) ∼ = ST(S △ ) mentioned above plays a key role in understanding the generalization of braid group to the case of quivers with (super)potential, see [Q3] for details. Their (finite) presentations in [QZ3] also plays a crucial technical role the dissuasion below.
Quadratic differentials as stability conditions
One of the motivations to introduce decorated marked surface is coming from the interplay between quadratic differentials and categories.
3.1. Framed uadratic differentials. Let X be a compact Riemann surface and ω X be its holomorphic cotangent bundle. A meromorphic quadratic differential φ on X is a meromorphic section of the line bundle ω ⊗2 X . We consider GMN differentials φ on X, which are meromorphic quadratic differential such that all zeroes of φ are simple and all poles of φ have order at least three. The real (oriented) blow-up of (X, φ) is a differentiable surface X φ , which is obtained from the underlying differentiable surface by replacing each pole P of φ by a boundary ∂ P , where the points on the boundary correspond to the real tangent directions at P . Furthermore, we will mark the points on ∂ P that correspond to the distinguished tangent directions, so there are ord φ (P ) + 2 marked points on ∂ P .
Definition 6. The decorated real blow-up X φ △ of (X, φ) is the decorated marked surface obtained from X φ by adding the set of zeroes of φ as decorations. Given any decorated marked surface S △ , an S △ -framed quadratic differential (X, φ, ψ) is a Riemann surface X with a GMN differential φ, equipped with a diffeomorphism ψ : S △ → X φ △ , preserving the marked points and decorations (see right picture of Figure 3 )..
Two S △ -framed quadratic differentials (X 1 , φ 1 , ψ 1 ) and (X 2 , φ 2 , ψ 2 ) are equivalent, if there exists a biholomorphism f : X 1 → X 2 such that f * (φ 2 ) = φ 1 and furthermore ψ
2 is the induced diffeomorphism. Here Diff 0 (S △ ) is the identity component of the group Diff(S △ ) of diffeomorphisms preserving marked points and decorations (each setwise).
Denote by FQuad(S △ ) the moduli space of S △ -framed quadratic differentials and take any connected component FQuad
• (S △ ) (which are isomorphic to each other).
Remark 7. The foliation of a quadratic differential gives (the so-called WKB) a triangulation of its decorated real below-up (see left picture of Figure 3 ). Therefore the exchange graph EG • (S △ ) of triangulations is the skeleton of FQuad • (S △ ), as Z n is the skeleton of C n (cf. Figure 4) .
Stability conditions.
Definition 8 (Bridgeland) . A stability condition σ = (Z, P) on a triangulated category D consists of a central charge Z ∈ Hom Z (K(D), C) and a collection of full additive subcategories {P(ϕ) ⊂ D | ϕ ∈ R}, such that
, for all ϕ ∈ R;
• if ϕ 1 > ϕ 2 , then Hom(P(ϕ 1 ), P(ϕ 2 )) = 0;
• any object E ∈ D admits a Harder-Narashimhan filtration of triangles (cf. [Q1, (8.1) ]), whose factors are Figure 3 . The foliation of a GMN differential on P 1 for the A 2 case
Bridgeland shows that all stability conditions on D form a complex manifold Stab D of dimension n with local coordinate Z for n = rank K(D)(< ∞). . Such a philosophy/approach has been explored carefully (cf. the survey [Q4] ). Building on Bridgeland-Smith's seminar work [BS] , we prove the following.
Theorem 9. [KQ] There is an isomorphism Stab
• D f d (S △ ) ∼ = FQuad(S △ ) between complex manifolds and they are simply connected.
Note that the correspondence (O) in Theorem 4 plays a key role in the isomorphism above: the saddle trajectories η of a quadratic differential, which are closed arcs, correspond to semistable(/spherical) objects for stability conditions.
